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The problem:  translation and 
rotation invariance
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¥ Translations
¥ Rotations

Individually easy to account for.  Together form group 
of rigid body motions              . ��� � ���
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The problem:  translation and 
rotation invariance

¥ truly invariant to both translation and rotation
¥ do not involve matching (i.e. are smooth) 
¥ well behaved under noise
¥ are complete

Want features which are:

The classical bispectrum



The problem

We have a function 
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The Power Spectrum

is invariant.
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2.  It is the Fourier transform of the autocorrelation
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Problem:

We lose an awful lot of information

The Bispectrum

� � � � � � � � � �� � � � � � �� � � � � � �� � � � � � � �

is translation invariant and is complete!



It is the Fourier transform of the triple correlation
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Applications of the classical bispectrum:

¥  Image scaling and rotation [Heikkila]

¥  Shift- and rotation-invariant reconstruction 
[Sadler and Giannakis]

¥  Time series, e.g.,  EKG, EEG



Want to do the same for               ...                    ��� � ���

Non-commutative bispectra



Now                 for some group    . � � � � � �

Recall that      is a group if for any � �� �� � � �

� �� � � � � � �� �¥  Associativity

� � � � � � � � � � �¥  Inverses
¥  Identity �� � �� � �

¥ Closure �� � �

Now                 for some group    . � � � � � �

The translate of      is deÞned                         .      �

Would like to Þnd invariant features                   .� � � � � � � � � �

� � � � � � � � � � � � �



A representation of a group is a function � � � � � � � �

such that 
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1.  Two representations are equivalent if 
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2.  A representation is reducible if
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where     is a complete set of inequivalent irreducible 
representations.

The Fourier transform on a group is 

�� � � � �
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Under translations
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Therefore, the spectrum
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is invariant. 

But again, we lose a lot of information.

Now try and couple different components
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Try
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In general, � � � � � � � � � � � decomposes in the form
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where the     are the Clebsch-Gordan matrices. �

So
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is a candidate.

The bispectrum on a compact group is deÞned
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Kakarala proved that as      and      traverse     ,
             is sufÞcient to reconstruct     up to
translation.
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�� � � � � � � �

... even works on homogeneous spaces.

     is a homogeneous space of      if     acts on     and
                sweeps out the whole of 
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Example:

sphere      acted on 
by rotation group 
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Bispectral invariants for ��� � ���

We have:



We want:





... locally the action of                on      is isomorpic to
the action of           on     .
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... the algorithm

The Projection

If the original image is � � �� � �

� � � � � � � � � � � � � � �� � �Then the projected image is 



The Fourier transform
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where



The bispectrum
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where the Clebsch-Gordan coefÞcients are well known

� � � � � � � � � � � � � �requires             space and             time

Results
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Extensions

¥  Vector Þelds and higher order tensor Þelds

¥  Higher dimensions

¥  More complicated transformations            
(even morphings)

¥  The discrete realm:  e.g.,  graphs



Conclusions

¥ Proposed a solution to a classical problem in 
computer vision

¥ New general framework for invariances

¥ Established a real connection between ML and 
representation theory
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